There have been several treatments of sheaf theory with values in an arbitrary category, notably [6] and [9] . More accurately these treatments can be described as attempts to delineate the types of value categories for which the theory goes through in reasonably close analogy to the classical sheaf theory (values in the category of sets, of modules, etc.). Little or no attempt has been made to develop the theory in categories which will not admit such a close analogy. To our mind the most interesting and important nonclassical case is that of cosheaves of L-modules; that is, of sheaves with values in the dual category to the category of L-modules (this may be regarded as the category of compact L-modules; see [9, p. 77] ). Unfortunately the theories of [6] and [9] are hopelessly inadequate for this case.
[For example, in [6] it is assumed that the value category for sheaf theory has enough "small" objects (termed "very small" in [9] ), but it is easily seen that the only cosmall object in the category of Lmodules is zero, for any ring L.] From now on we shall let L denote a given base ring with unity and the terms cosheaf, precosheaf, sheaf, presheaf, etc. will always presuppose the category of L-modules as the value category. Categorical terminology will be that of [9] . "Covering" always means an open covering.
In [1, Chap. V] the notion of cosheaves was put to work to obtain some deep results on homology theory. However, we did not attempt there to give a coherent "theory" of cosheaves, outside of some results necessary to our immediate purposes and of some indications in the exercises.
In this paper we shall initiate such a study. In our opinion one cannot expect to find anything like a complete duality with sheaf theory and one must be prepared, from the start, to dispense with some basic properties. The most basic concept in sheaf theory is that of a sheaf generated by a given presheaf. In categorical terminology [9] this is the concept of a reflector from presheaves to sheaves. We believe that there is not much hope for the existence of a reflector from precosheaves to cosheaves. However, we shall obtain such a reflector on a reasonably large subcategory of precosheaves containing the cosheaves and, on locally connected spaces, the constant precosheaves.
The general theory of cosheaves, together with material on Cech homology, occupies the first five sections of the paper. In later sections we apply parts of this general theory (but not all of it by any means) to the study of the relationships between the Cech, singular, and Borel-Moore homology theories. These applications complement the results of [1, Chap. V] on the relationships between the singular and Borel-Moore homology theories, but the present treatment is largely independent of that work.
Some generalities on cosheaves may be found in [2] , but the contact with the present paper is negligible. 1* Cosheaves* Let X be a topological space. A precosheaf 31 (of L-modules) on X is a covariant functor from the category of open sets in X and inclusions to the category of L-modules. For
U(zV the corresponding map 3I( U) -> 3I( V) is denoted by i V)U .
A precosheaf 3ί on X is called a cosheaf if, for every covering {Ui} of an open set U c X, the sequence 0 31(17* ΓΊ U s ) -0 3I(^) -3ί(C7) > 0 is exact, where a = Σ< W< and β = Σ<;,;> (v^n^ -%, ,^n^ ). If we only require a to be epimorphic then 31 is called an epiprecosheaf (the dual notion is that of a monopresheaf; see [9, p. 246] ).
The following result shows that the cokernel of a homomorphism of cosheaves is a cosheaf. ) j = 0, 1, , n be such that Σ?^^/^-) = 0 in 2I( [7) . Let * ; = ΣΓw,(s;)e3I(EΓ). Then w 0 (»o) + W'(O = 0 so that by (a) there exists a v e 2ΐ(C/ 0 n Ϊ7') = 2I(F) with Now F = (ί/o Π C/Ί) U U (tTo Π C/«) so that there exist v, e 2ΐ(ί7 0 n U ά ) for 1 ίg i ^ % with Thus and an easy computation shows that the element has zero component in 2I(C7 0 ) and projects to zero in 2I(E7i U U U n ). Thus the result follows from the inductive hypothesis.
A cosheaf 21 is said to be flabby if each ί VtU :
[Note that in [1, V.I] it is shown that, for X locally compact, the flabby cosheaves are precisely the cosheaves of sections with compact supports of osoft sheaves. No corresponding characterization is known on nonlocally compact spaces.] The following result is basic:
be an exact sequence of precosheaves. Assume that 2ί is a cosheaf and that 21" is a flabby cosheaf. Then 2Γ is a cosheaf.
Proof. We will verify (a) and (b) of (1.3) for 21'. Part (b) is an immediate consequence of the exactness of the direct limit functor. Part (a) follows from a diagram chase in
PROPOSITION 1.5. Let 21 be a precosheaf. The class of subprecosheaves of 21 which are epiprecosheaves contains a maximum element which is denoted by 21. Any homomorphism S3 -> 21 with 33 an epiprecosheaf factors through 21.
Proof. This follows from results of the general theory of categories (see [9, p. 131] ). For a direct proof, we define by transfinite induction:
> 2I α ( U)) for each covering {Z7J of U} = Π ^a(U) for β a limit ordinal.
Then clearly there exists an ordinal a with 2ί α+1 = 2I α and we let 2t = 21^. The properties claimed are clear from this construction.
Note that the last statement implies that every homomorphism 21 -* 33 restricts to a homomorphism ft -* SB and hence 21 h-> 2ί is a functor. 2* Local triviality* As in [1, p. 219] Proof. Coker g is a cosheaf by (1.1) and, since it is locally zero by hypothesis, it must be zero. This proves exactness at 21". By (1.2) Ker g is an epiprecosheaf and it follows immediately that Ker g/Imf is an epiprecosheaf. Since Ker g/Imf is locally zero it must be zero, so that Im / = Ker g.
Proof. This sequence is exact at 21 and at 21" by (2.1). By (1.4) , Kei g = Im/ is a cosheaf. Clearly 0 -+2Γ -> Im/-+ 0 is locally exact and hence exact by (2.1) Proof. All three parts may be handled simultaneously. Let 2t' -> 2ί -> 21" be exact with 21' and 21" locally zero. Let U be open and xeU.
Let VczU be a neighborhood of x such that 2Γ'(F) -> 2I"( U) is trivial and let W a V be a neighborhood of x such that 3Ϊ'(W) ->2Ϊ'(F) is trivial. Diagram chasing in
shows that 2I(~FF)-^ 2I(£7) is zero as desired. (The cases of subprecosheaves and quotient precosheaves are given by taking 2Γ = 0 or SI" = 0 respectively.) REMARK 2.5. We are grateful to the referee for pointing out that (2.4) shows that the locally zero precosheaves form a "thick subcategory" (see [4, p. 15] ). If one passes to the quotient category then the local isomorphisms (below) and locally exact sequences become actual isomorphisms and exact sequences. Clearly some of the propositions in the next section can be regarded as special cases of general facts about such quotient categories. 3* Local isomorphisms* A homomorphism h: 31 -> 93 between two precosheaves is said to be a local isomorphism if Ker h and Coker h are locally zero (see [1; p. 219] ).
If SI is an epiprecosheaf and S3 is a cosheaf then a local isomorphism ft,: 21-> 33 is necessarily an isomorphism by (1.1) and (1.2) .
Consider commutative diagrams of precosheaves of the form
is a pusbout diagram and if / is a local isomorphism then so is h. Dually, if (3.1) is a pullback diagram and if h is a local isomorphism then so is /.
Proof. We shall only give the proof for the second part since both parts are analogous. If (3.1) is a pullback then we may assume that 21 is given by
Moreover g and / are given by the projections on the first and second factors respectively. We see that Ker/ = {(&, 0) | h(b) = 0} so that If one, hence both, of the conditions in (3.5) are satisfied then 35 and (£ are said to be equivalent. It is an easy consequence of (3.5) and the following lemma that "equivalence" is an equivalence relation. We shall show later that for any smooth precosheaf 21 there is an associated cosheaf 0(21) (unique to isomorphism) and a local isomorphism 0(21) -• 21. Also the functor Φ taking a smooth precosheaf into this "associated cosheaf" will be shown to be a reflector from the category of smooth precosheaves to that of cosheaves. For these reasons one might prefer to substitute the terms "copresheaf" and "precosheaf" for what we call "precosheaf" and "smooth precosheaf" respectively, but we shall not adopt that terminology. Proof. Denote kernels, images, and cokernels by $, $, and (£ respectively. Then we have the commutative diagrams * α \e \c \β \γ 
is a local isomorphism.
REMARK 3.10. The reader should note that the analogues, in sheaf theory, of the concepts "locally zero" and "local isomorphism" are somewhat stronger conditions than the concepts which usually are described by those terms. The exact analogues of the usual sheaftheoretic concepts are, in our opinion, inadequate for the attainment of most practical aims in cosheaf theory, a fact which is traceable to the unpleasantness of inverse limits. 4* Cech homology* Let 31 be a precosheaf on a space X and let U = {Ui} be any (open) covering of X. We define the group of Cech p-chains of the covering tt to be where the sum ranges over all ordered (p + l)-tuples ζi 0 , , i p y of indices and
Note that this is an exact functor of precosheaves 31. The differential
is defined by 3 -X,J =0 (-l)^-where λ, is the canonical map
We also have the augmentation ε: C 0 (Xt; 51)
given by ε = Σ iχ.vϊ θ, As usual the homology of the chain complex C*(ll; §1) is denoted by 10 GLEN E. BREDON and ε induces a homomorphism
For an open set V c X, U fϊ V denotes the covering {^ ίl F} of V. Thus
defines a precosheaf on X denoted by § % (tt; §1) and
is a homomorphism of precosheaves. Note that ε* is epimorphic for all 11 if 31 is an epiprecosheaf and that ε*is isomorphic for all U if SI is a cosheaf. If 93 is a refinement of ΐt and SS-^U is a refinement projection then there is an induced chain map C*(33; 31) -> C*(U; SI) and the induced map H*(%$; SI) -> H*(VL; 31) is independent of the refinement projection. (The reader map supply the details of these well-known facts.) The Cech homology of X with coefficients in the precosheaf 31 is defined by H*(X; SI) -lim H*(T1; SI) (the limit taken over all coverings of X). Clearly
is a precosheaf and there is the augmentation homomorphism which is an isomorphism when 31 is a cosheaf.
For a covering U of X, the precosheaf V\ >C w (UnF;2l) will be denoted by K n (U; 31). Proof. The reader may show that the direct sum of a family of cosheaves is a cosheaf. But (£ % (lt; 31) is the direct sum of precosheaves of the form
, Ό) an d these are easily seen to be cosheaves when 2ί is a cosheaf. The last statement follows easily from similar reasoning. THEOREM 
For a precosheaf 2ί the sequence
of precosheaves is locally exact for any covering XL of X.
Proof. It is clearly sufficient to prove that the sequence is exact when X is a member of II since this condition is realized upon restriction to any member of U. We shall in fact provide a splitting under these circumstances. When Xell define D:
The naturality of this definition provides such a homomorphism for the precosheaves in question.) It is easy to check that dD + Dd -1 as was to be shown. Proof. This is a direct consequence of (2.3), (4.1) and (4.2). THEOREM 4.4. Let X be paracompact and let 21 be a locally zero precosheaf on X. Then, for any covering U of X, there is a refinement S3 and a refinement projection SS-^U such that the induced map C n (%>; 21) -> C n (U; 21) is zero for all n^O.
Proof. We may assume that 11 is locally finite and "self-indexing". Let W be a "shrinking" of 11; that is a covering which assigns to each [/ellan 
The existence of such sets follows easily from local finiteness of ΐt and local triviality of 2ί. We choose the refinement projection W(x, U) ^> U.
We claim that this covering satisfies the conclusion of the theorem. In fact, suppose that and that W Q Π ΓΊ W n Φ 0. Then since w 0 n n w n c ui n n u f n we must have W { c U o Π Π E7» for each i = 0, , n and that + 2ί(Z7 0 Π n tfj is zero. Since
factors through 2I(TF 0 ), it is zero, and this finishes the proof.
COROLLARY 4.5. // X is paracompact and if 21 is a locally zero precosheaf on X then H n (X; 21) = 0 for all n ^ 0. COROLLARY 4.6. Let X be paracompact and let h:%->S3 be a local isomorphism.
Proof. Clearly this reduces to the two cases in which Coker h = 0 or Ker h = 0. These cases are similar and we shall confine our attention to the first. Thus let 0-^->2I->23-+0 be exact with $ locally zero. For each covering II of I we have the exact homology sequence
Using (4.4) Proof. Let {b a } be the coordinates of an element of lim B a which is in the kernel of μ. Then μ a {b a ) = 0 for all a and thus b a -λ α (α α ) for some a a eA a .
By hypothesis there is a β > a such that (μ β (b' β )) = /^(ty) = c α which shows that μ is epimorphic and completes the proof. 5* The reflector. For a precosheaf 31 on X we define the precosheaf 0(31) by 0(31) = 4(X; 21) where SI is the maximal epiprecosheaf in SI of (1.5 It is clear that A is an inverse of the natural map
Thus h*(U) is an isomorphism and, upon passage to the limit over U, we see that Φ(h)(U) = Km fe*(U) is an isomorphism, as was to be shown. Now suppose that 33 is a cosheaf and that 31 is arbitrary. Again Coker h is an epiprecosheaf and hence it is zero. 7) is an isomorphism. It follows that a refinement of {Ui} yields the same subgroup A of 2I(ί7). Thus in fact, in the notation of the proof of (1.5), A = 2I 1 (ϋ7) which is the set of elements of 21(27) in the image of 021(?7,)->2ί(ί7) for every covering {J7J of U. This shows that 2I X -•> 33 is an isomorphism and, since 33 is a cosheaf, 2ί x = 21 is a cosheaf. Proof, k is merely the inverse of the restriction 21 -> 35 of h (followed, of course, by the inclusion 21 -*2X 
21'
> 21 > 21" REMARK 5.9. Not every precosheaf is smooth. For a simple example let X be the unit interval and let 21 be the precosheaf on X which assigns to U the group of singular 1-chains of U. The associated epiprecosheaf 21 clearly has 2ί(ϊ7) equal to the subgroup generated by the constant singular 1-simplices. The inclusion 21 -• 21 is clearly not a local isomorphism and it follows that 0(21) -• 2ί cannot be a local isomorphism. This would contradict (5.4) if 21 were smooth. REMARK 5.10. If 21 is a smooth precosheaf then the inclusion 21-> 21 is a local isomorphism. Thus, if X is completely paracompact, then it follows from (4.6) that the induced map 0(21) = !Q O (X; 21) -> &o(X; 2ί) is an isomorphism. This probably does not hold without the paracompactness assumption. We also remark that the (exact) analogue of 0 in the theory of eshaves is the coreflector assigning to any presheaf its associated sheaf, and similarly the analogue of fe o (X; 21) is the "completion" of a presheaf in Spanier's terminology [10, p. 325], REMARK 5.11. Constant precosheaves on locally connected spaces are smooth. For this see the first part of § 9 in which the local compactness condition is unnecessary. The associated cosheaves are called constant cosheaves. 6* Spectral sequences* As usual a differential cosheaf is a sequence {2IJ of cosheaves together with a "differential" d: % -> 2I ί _ 1 with d 2 = 0. Let 21* be a flabby differential cosheaf which is bounded below (i.e. %i -0 for ί < i Q some i 0 ). Given a covering U of X consider the double complex J-Jp y q ^p\^f ~^q)
There are two spectral sequences of this double complex. In one of them we have the E p , q -term
.3). Thus the JE^-term is
for q = 0 for q Φ 0 .
Since this spectral sequence degenerates we have the natural isomorphism where L* is the total complex of L*,*.
In the other spectral sequence we have
and hence τp2 _ fj /rr. gs /or \\ By the assumption that 21* is bounded below this spectral converges to H*(L*). Thus we have a spectral sequence £^(11) with
p>q (U) = H P (U; Φ g (2ίJ) => H p+q {%*{X)) .
These spectral sequences are clearly functorial in the coverings II as well as in 21*. 7* Coresolutions* By an N-coresolution of a cosheaf 21 we mean a differential cosheaf 21* together with an augmentation ε: 2I 0 ->2I such that the sequence is locally exact. Note that, by (2.1), the portion % -> 2ί 0 -> 21 -• 0 is actually exact. [We remark that everything we do remains valid if we replace the statement "iV-coresolution on X" by " (N-l) 
-coresolution and H N ($ίχ(U))-> H N ($ί*(X)) is trivial for some basis of open sets UaX")
see the remark (10.5).] In this section we will fix an N ^ 0 and assume that 21* is a flabby iV-coresolution of a given cosheaf §1 and shall study the spectral sequences (6.1). We also assume that X is paracompact. LEMMA 
If VL is sufficiently fine then the natural projection +E~0(VL) is an isomorphism for all n ^ N.
Proof. Given any covering U we can find by (4.4) a refinement XV such that El q (XV) -> El q (U) is zero for all p, q with q Φ 0 and V + q ^ N. It follows that E; tq (lV) -> E; >q (U) is zero for all r ^ 2.
Now recall that H n (^(X)) is filtered by submodules such that ££ n _ p (U) ~ J p /J p^. Similarly H n (%*(X)) is filtered by J' p with Jp/Jp^ & E~n_p(W)
. Since the refinement has no effect on H n (Ά*(X)) we see that it induces an isomorphism J' n -* J n and that for p < n, Jp-> J p has image in J p _ x (and, of course, is a monomorphism). It follows that J o ' = 0. A similar argument on a similar refinement U" of XV will show that J" = 0, etc. Thus U may be assumed to be so fine that J p = 0 for all p < n. This implies the desired result. Returning to the general discussion, let 11 = U o be as in (7.1) for some fixed n ^ N. Construct refinements 1X^ of U^ for i = 1, 2, , n such that is trivial for all p, q with ^ + q ^ w and g Φ 0.
We see that the image of E%, 0 (Xl n ) -> ^^(U^.i) consists of c? 2 -cycles and hence induces a homomorphism similarly we obtain homomorphisms Clearly we may assume that U is also so fine that λ is a monomorphism and it follows that j: Im λ' -^-» Im λ .
These considerations prove, in particular, the following result: THEOREM 7.2. Let X be paracompact and let 21* be a flabby N-coresolution of a cosheaf 21 on X.
Then for n rg N the edge homomorphisms Xn: H n (%*{X)) -> H n (U; 21) of the spectral sequences (6.1) induce an isomorphism in the limit over U:
In fact we have shown that if 11 is a sufficiently fine covering of X, and, moreover, that TΓ is a monomorphism. Moreover, given this U, then for any sufficiently fine refinement IT of II we have Imj = Im λ = Im π and j: Im λ' -^-> Im λ. The notation is as in the discussion above (7.2) .) REMARK 7.3 . It might be thought that, in (7.2) , λ is an epimorphism in degree N + 1, but this is not generally true. An interesting counter-example, in the application to singular homology, is given by Mardesic in [8] . One can easily see, however, that for every covering II of X the images of H N+1 (%*(X)) and of H N+1 (X; SI) in fWϊt; SI) coincide. 8* Relative homology • To this point we have restricted our attention to absolute homology in order to maintain reasonably uncluttered notation. In this section we shall show how the results of the last two sections can be extended to the relative case.
Let AdX be an arbitrary subspace. For a precosheaf SI on A we define a precosheaf SI Thus we have the natural exact sequence (8.2) C*(ϊt 0 n A; SI) >--> C*(U; SB) >-•> C*(U, U o ; 95, 2ί) of chain complexes. As usual we denote the homology of this chain complex by H* (U, U o ; 33, 21) and obtain from (8.2) the usual long homology sequence. The inverse limit over refinements of pairs of coverings yields, as usual, a group denoted by H* (X, A; 33, 21) . Now assume that 31 and 33 are flabby cosheaves. Then (4.3), applied to the homology sequence of (8.2), yields the conclusion that H n (U, U o ; S3, 2ί) = 0 for n > 1 and yields the exact sequence
The two middle terms of this sequence are canonically isomorphic to % x and 33 respectively with η as the homomorphism between them. Thus, by assumption, we have
for n = 0 when 2ί and 23 are flabby cosheaves. Now suppose that 21* and S3* are flabby differential cosheaves on A and X respectively, which are bounded below. Also suppose that we are given an exact sequence
Given the pair of coverings (U, U o ) we consider the double complex
As in § 6 it follows immediately from (8.3) that there is a natural spectral sequence E; tq (U, U Q ) with
Now we suppose that 21* and S3* are flabby ΛΓ-coresolutions of cosheaves 2ί and Soni and X respectively. (Note that, unless A is closed, it does not generally follow that (£* is a coresolution of 22 GLEN E. BREDON Coker(2I x~-->33).) Exact sequences of the form (8.2) yield, for the "H homology, the exact sequence
(here § O (2Ϊ*) = Ker { § 0 (2I*) -»2t} = 0). Moreover we have the exact sequence
By ( We now have all the information necessary to repeat the arguments in § 7 word for word.
The final result is the following extension of (7. We note that it is also easy to see that, via (8.10) and (7.2) , the exact sequence is identified with the sequence
>H n (A; SI)
>H n (X; 33) >H n (X, A; 33, 21) >H n _U, 21) >• which is the inverse limit of similar exact sequences of the appropriate Cech groups of coverings. In particular, it follows that this homology sequence is exact, a fact that clearly limits the possibilities of the existence of the hypothesized coresolutions. This question will be taken up in later sections. By introducing compact carriers in the Cech theory we may replace the paracompactness condition in (8.10) by a local compactness condition. The idea for doing this is due to Mardesic [8] . It involves the observation that any compact set in a locally compact space is contained in an open relatively compact F σ (and hence paracompact) set.
We define, for (X f A) a, locally compact pair, Hi(X, A; 33, Si) = lim H n (U, V; 33, SI) where U and V c U Π A range over the open, relatively compact, subsets of X and A respectively. By the above remark we may also assume that U and V are paracompact in this limit. is an isomorphism (respectively, the same for the groups H%). The proof is essentially the same as that of (4.6) and will not be repeated.
24 GLEN E. BREDON 9* Borel-Moore homology* In this section we confine our attention to locally compact spaces and take the base ring L to be a principal ideal domain. We use the notation H%{X\ jy) for the Borel-Moore homology with compact supports and with coefficients in the sheaf j^; see [1, Chap. V] .
The constant cosheaf 8 is the precosheaf assigning to U the free L-module on the components of U and for an L-module M the associated constant cosheaf SK is defined by Tt(U) = 8(Z7) ® M. Summation yields a homomorphism 3K -•> M of precosheaves (where M{ U) = M) and it is clear that this is a local isomorphism if X is locally connected. Thus Φ{M) p** 3R when X is locally connected.
We wish to associate with every sheaf jy on a locally connected space X a certain associated cosheaf on X. Since the first two terms are cosheaves [1, p. 176] the last is also a cosheaf by (1.1). The last statement follows immediately from (V, 5.11) and (V, 3.10) of [1] . This proposition is used only in case s/ is locally constant and, then, merely to prove the existence of a related "locally constant" cosheaf.
From the proof of (9.1) we see that, when X is locally connected, the canonical Borel-Moore chain complex C%{X\ JZ?) [i.e. Proof. Again the coefficients in the Cech theory should technically be in the pair M, M. Also, as before, the general case follows from the paracompact case. Now, on X, the constant cosheaf Φ{M) associated with the constant precosheaf M is just HQ( M) and it is locally isomorphic to M (and similarly on A). Thus, by (8.12), we have
Hi(X, A) M) ~ Hl{X, A; H!( ; M))
(and similarly for the paracompact case) and the corollary follows from (9.3).
REMARK 9.5. If the base ring L is a field, then the first part of (9.4) is true without the condition hlc* since both theories are continuous in that case. This is false for general L however. Also recall that there are the implications clc N+1 ==> hlc N => clc N ; see [1] for definitions and references.
Since writing this paper the author has discovered that (9.4) had been previously proved by Jussila in [5] . Remarks similar to (10.5) are also applicable to this case. Also see [1, 7] for related results. 10* Singular homology* For locally compact spaces we may combine the results of the preceding section with those of [1, pp. 219-231 ] to obtain similar facts about singular homology. For general spaces we must proceed more directly.
We shall recall some constructions from [l, Chap. V]. Our approach here differs from that of [1] as regards coefficients. (Both here and in [1] the approach to coefficients is dictated by the methods used.)
Let J^f be any sheaf on the (arbitrary) space X. The singular chain group of U in degree n and with coefficients in s/ is defined by where the sum ranges over all singular simplices σ: Δ n -> U of U and σ*s*f denotes the induced sheaf on A n . If e: A n _ x -+A n is a face map then we have an induced homomorphism and it follows that the boundary operator may be defined in the usual way.
Similarly the barycentric subdivision operator The resulting (singular) homology group will be denoted by It is clearly the classical singular homology group when jzf is constant. Now it is easy to see that @ W (X, J>/) is a flabby cosheaf on X. (This is most easily seen by using the criterion of (1.3).)
For AaX we have an exact sequence
where the right hand term is defined in the same way as the absolute terms. For details on this see [1, p. 180] For a precosheaf S3 on E we define its direct image /S3 on X by (/»)([/) = ^{f~ιU) (see [l, p. 179] ). Clearly /SB is a cosheaf when S3 is and is flabby when 33 is. If 23* is a flabby differential cosheaf on E then 21* = /S3* is one on X Thus the spectral sequence of (6.1) has (E; JV) natural in coverings U of X and sheaves jy on E.
Similarly, for singular homology, we have spectral sequences
EMU) = H P (U; Δ H q (f-\-y, <S>f)) -,H p+q (E;
natural in coverings U of X and sheaves s/ on E.
We shall now prove a generalization of (7.2) . Suppose that 2ί* is a flabby differential cosheaf with §I ft = 0 for w < 0 (or generally with degrees bounded below). Suppose, moreover that we are given integers 0 ^ k < N such that is a flabby (JV -A:)-coresolution of φ By (7.2) [and (8.11) 
